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Abstract
The RG functions of the 2D n-vector 4 model are calculated in the ve-loop
approximation. Perturbative series for the -function and critical exponents
are resummed by the Pade-Borel and Pade-Borel-Leroy techniques, resum-
mation procedures are optimized and an accuracy of the numerical results is
estimated. In the Ising case n = 1 as well as in the others (n = 0, n = −1,
n = 2; 3; :::32) an account for the ve-loop term is found to shift the Wilson
xed point location only briefly, leaving it outside the segment formed by the
results of the corresponding lattice calculations; even error bars of the RG
and lattice estimates do not overlap in the most cases studied. This is argued
to reflect the influence of the singular (non-analytical) contribution to the
-function that can not be found perturbatively. The evaluation of the crit-
ical exponents for n = 1, n = 0 and n = −1 in the ve-loop approximation
and comparison of the numbers obtained with their known exact counter-
parts conrm the conclusion that non-analytical contributions are visible in
two dimensions. For the 2D Ising model, the estimate ! = 1:31(3) for the
correction-to-scaling exponent is found that is close to the value 4/3 resulting
from the conformal invariance.
What follows is the radically shortened version of the paper written in Rus-
sian. It contains all the formulas, tables and complete list of references of
the original paper. The full-scale text (18 preprint style pages) is available
as a Russied LaTeX le or PostScript le; they may be delivered electroni-
cally by request. Please, contact the corresponding author using his e-address:
ais@sokol.usr.etu.spb.ru.


















where ’ is a real n-vector eld, m
2
0 is proportional to T − T (0)c , T (0)c being the mean-eld
transition temperature.
We calculate the -function and the critical exponents for the model (1) within the mas-
sive theory. The Green function, the four-point vertex and the 2 insertion are normalized
in a conventional way:
G−1R (0; m; g4) = m
2;





ΓR(0; 0; 0; m; g) = m
2g4; Γ
1;2
R (0; 0; m; g4) = 1:
Since the four-loop RG expansions at n = 1 are known [1] we are in a position to nd
corresponding series for arbitrary n and to calculate the ve-loop terms. The results of our
calculations are as follows:
(g)
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−0:00407946 n4 + 80:3096 n3 + 5253:56 n2 + 53218:6 n + 133972

: (3)




























(n + 2) 0:9170859698− g
3
(n + 8)2











0:0709196 n4 + 1:05240 n3 + 57:7615 n2 + 325:329 n + 426:896

: (5)






is used as an argument in above RG series. This variable is more convenient since it does
not go to zero under n!1 but approaches the nite value equal to unity.
To evaluate the Wilson xed point location g and numerical values of the critical expo-














is used. The analytical extension of the Borel transforms is performed by exploiting rele-
vant Pade approximants [L/M]. In particular, four subsequent diagonal and near-diagonal
approximants [1=1], [2=1], [2=2], and [3=2] turn out to lead to numerical estimates for g
which rapidly converge, via damped oscillations, to the asymptotic values (see Table I). As
is seen from Table II, these asymptotic values, however, dier appreciably from numerical
estimates for g given by the lattice and Monte Carlo calculations; such estimates are usu-
ally extracted from the data obtained for the linear () and non-linear (4) susceptibilities







An account for higher-order (six-loop, seven-loop, etc.) terms in the RG expansion (3) will
not avoid this discrepancy which is thus believed to reflect the influence of the singular
(non-analytical) contribution to the -function.
The critical exponents for the Ising model (n = 1) and for those with n = 0 and n = −1
are estimated by the Pade-Borel summation of the ve-loop expansions (4), (5) for γ−1
. Both the ve-loop RG (Table I) and the lattice (Table II) estimates for g are used in
the course of the critical exponent evaluation. To get an idea about an accuracy of the
numerical results obtained the exponents are estimated using dierent Pade approximants,
under various values of the shift parameter b, etc. In particular, the exponent  is estimates in
two principally dierent ways: by direct summation of the series (5) and via the resummation




+  − 2; (4) = 1

− 2; (9)
which possess a regular structure favoring the rapid convergence of the iteration procedure.
The typical error bar thus found is about 0.05.
The results obtained are collected in Table III. As is seen, for small exponent  and
in some other cases the dierences between the ve-loop RG estimates and known exact
values of the critical exponents exceed the error bar mentioned. Moreover, in the ve-loop
approximation the correction-to-scaling exponent ! of the 2D Ising model is found to be
close to the value 4/3 predicted by the conformal theory but diers markedly from the exact
value ! = 1 [33]. This conrms the conclusion that non-analytical contributions are visible
in two dimensions.
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TABLE I. The Wilson xed point coordinate for models with n = 1, n = 0 and n = −1 in four
subsequent RG approximations and the nal ve-loop estimates for g(n).
n [1/1] [2/1] [2/2] [3/2] g, 5-loop
1 2.4246 1.7508 1.8453 1.8286 1.837  0.03
0 2.5431 1.7587 1.8743 1.8402 1.86  0.04
-1 2.6178 1.7353 1.8758 1.8278 1.85  0.05
TABLE II. The Wilson xed point coordinate g and critical exponent ! for −1  n  32
obtained in the ve-loop RG approximation. The values of g extracted from high-temperature
(HT) and strong coupling (SC) expansions, found by Monte Carlo simulations (MC), obtained
by the constrained resummation of the -expansion for g (-exp.), and given by corresponding
1=n-expansion (1=n-exp.) are also presented for comparison.
n -1 0 1 2 3 4 8 16 32
g
RG, 5-loop 1.85(5) 1.86(4) 1.837(30) 1.80(3) 1.75(2) 1.70(2) 1.52(1) 1.313(3) 1.170(2)
(b = 1) (b = 1) ([4/1], ([4/1],
[3/1]) [3/1])
HT exp. [22,24] 1.679(3) 1.754(1) 1.81(1) 1.724(9) 1.655(16)
MC [25,29] 1.71(12) 1.76(3) 1.73(3)
SC [23] 1.473(8) 1.673(8) 1.746(8) 1.81(2) 1.73(4)
-exp. [24] 1.69(7) 1.75(5) 1.79(3) 1.72(2) 1.64(2) 1.45(2) 1.28(1) 1.16(1)
1/n-exp. [24] 1.758 1.698 1.479 1.283 1.154
!
RG, 5-loop 1.32(4) 1.31(3) 1.31(3) 1.32(3) 1.33(2) 1.37(3) 1.50(2) 1.70(1) 1.85(2)
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TABLE III. Critical exponents for n = 1, n = 0, and n = −1 obtained via the Pade-Borel sum-
mation of the ve-loop RG expansions for γ−1 and . The known exact values of these exponents
are presented for comparison.
n g γ    
1 RG 1.837 1.779 0.146 0.960 0.081 0.070
1.754 (HT) 1.739 0.131 0.931 0.139 0.061
exact 7/4 1/4 1 0 1/8
(1.75) (0.25) (0.125)
0 RG 1.86 1.449 0.128 0.774 0.452 0.049
1.679 (HT) 1.402 0.101 0.738 0.524 0.037
exact 43/32 5/24 3/4 1/2 5/64
(1.34375) (0.20833) (0.75) (0.5) (0.078125)
-1 RG 1.85 1.184 0.082 0.617 0.765 0.025
1.473 (SC) 1.155 0.049 0.592 0.816 0.014
exact 37/32 3/20 5/8 3/4 3/64
(1.15625) (0.15) (0.625) (0.75) (0.046875)
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